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REDUCTION OF SYMPLECTIC PRINCIPAL R-BUNDLES
IGNAZIO LACIRASELLA, JUAN CARLOS MARRERO, AND EDITH PADRO´N
Abstract. We describe a reduction process for symplectic principal R-bundles
in the presence of a momentum map. This type of structures plays an impor-
tant role in the geometric formulation of non-autonomous Hamiltonian sys-
tems. We apply this procedure to the standard symplectic principal R-bundle
associated with a fibration pi :M → R. Moreover, we show a reduction process
for non-autonomous Hamiltonian systems on symplectic principal R-bundles.
We apply these reduction processes to several examples.
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1. Introduction
It is well-known that the configuration space for a non-autonomous mechanical
system is a smooth manifold which is fibered on the real line. So, we have a fibration
π : M → R, with respect to which the restricted phase space of momenta is the
dual bundle V ∗π of the vertical bundle V π of π and the extended phase space of
momenta is the cotangent bundle T ∗M of M .
In the presence of a Hamiltonian section (that is, a section of the canonical
projection µpi : T
∗M → V ∗π) and using the canonical symplectic structure of
T ∗M (respectively, a suitable cosymplectic structure on V ∗π) one may develop the
extended (respectively, the restricted) Hamiltonian formalism (see Section 2 and
[10, 16, 19]).
We remark that µpi : T
∗M → V ∗π is a principal R-bundle (an AV-bundle in the
terminology of [10]). In addition, the principal action is symplectic and, thus, we
have a symplectic principal R-bundle. A non-autonomous Hamiltonian system is a
symplectic principal R-bundle µ : A → V and a Hamiltonian section h : V → A,
that is, a section of the principal R-bundle projection µ. The Hamiltonian section h
induces a vector field on V whose integral curves are the solutions of the dynamical
equations for the Hamiltonian system (see Section 5.1). In the particular case when
µ : A → V is a standard symplectic principal R-bundle (that is, µ = µpi for some
fibration π : M → R), we obtain the classical Hamilton equations. Moreover, all
the tools used in the standard theory in geometric non-autonomous mechanics, as
Lagrangian and Hamiltonian formalisms or variational formulation, appear in the
framework of the AV-bundles (see [10, 11, 12, 13]).
On the other hand, in the context of autonomous mechanical systems, the phase
space is represented by a symplectic manifold. A classical procedure, due to Mars-
den and Weinstein ([24]), called symplectic reduction, allows to use symmetry pro-
perties of a symplectic manifold in order to reduce the degrees of freedom of the
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system. Moreover, if an invariant Hamiltonian function is given on the unreduced
symplectic manifold, one may obtain a Hamiltonian system on the reduced sym-
plectic manifold.
Reduction theory may be also applied, for example, in order to obtain the sym-
plectic structure on the coadjoint orbit of a Lie group G (see [1]). In the particular
case when the unreduced symplectic manifold is the cotangent bundle of a manifold
endowed with its canonical symplectic structure, a natural question arises: is the
reduced symplectic manifold a standard symplectic manifold (that is, a cotangent
bundle endowed with its canonical symplectic structure)? An answer to this ques-
tion is given by the so-called cotangent bundle reduction theory (see [17, 21, 22, 26]).
Although reduction theory goes back to the early roots of mechanics, it allows to
obtain many results about other geometric structures. Indeed, a similar idea may
be used in order to reduce not only Poisson structures ([23]), but also cosymplectic,
Ka¨hler, hyperka¨hler, contact, f -structures, etc. and to obtain new examples of such
a kind of manifolds ([2, 8, 9, 14, 15]).
The aim of this paper is to perform the reduction process in the framework of
symplectic principal R-bundles. We introduce the notion of symmetry of a symplec-
tic principal R-bundle and show that, under suitable regularity conditions, one may
obtain a reduced symplectic principal R-bundle. We apply this reduction process
to the standard symplectic principal R-bundle associated with a fibration. Finally,
we prove that a non-autonomous Hamiltonian system with equivariant Hamiltonian
section induces a non-autonomous Hamiltonian system on the reduced symplectic
principal R-bundle.
The paper is structured as follows. In Section 2, we recall some basic facts
about non-autonomous Hamiltonian systems which motivate the study of symplec-
tic AV-differential geometry. In Section 3 we introduce the category of symplectic
principal R-bundles and prove that the base manifold V of a symplectic principal
R-bundle is canonically equipped with a Poisson structure. Moreover, we will relate
the induced Poisson structures on the corresponding base spaces of an embedding
of symplectic principal R-bundles. In order to introduce a reduction process for
symplectic principal R-bundles, in Section 4, we define the notion of a canonical
action on a principal R-bundle and prove the reduction theorem in the symplectic
principal R-bundle framework. As an example, in the last part of this section, we
discuss the reduction of a standard symplectic principal R-bundle µpi : T
∗M → V ∗π
associated with a fibration π :M → R which is invariant with respect to a free and
proper action of a Lie group G on M . In Section 5, we develop the reduction of a
non-autonomous Hamiltonian system on a symplectic principal R-bundle. For this
purpose, we use symplectic and cosymplectic reduction theory. In Sections 4 and 5
we apply the reduction processes to the case of the bidimensional time-dependent
damped harmonic oscillator and the time-dependent heavy top. Finally, in Section
6, we show how apply these reductions to the frame-independent formulation of the
analytical mechanics in the Newtonian space-time.
The paper ends with our conclusions, a description of future research directions
and an Appendix in which we review some reduction processes for Poisson, sym-
plectic and cosymplectic manifolds.
2. A motivation: non-autonomous Hamiltonian systems
It is well-known that if a manifold Q is the configuration space of an autonomous
Hamiltonian system, then T ∗Q is the phase space of momenta. Moreover, using the
canonical symplectic structure of T ∗Q, one may describe the Hamilton equations
in an intrinsic form (see, for instance, [1]).
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For non-autonomous Hamiltonian systems the situation is different (see, for in-
stance, [10, 16, 19]). Namely, the configuration space is a manifold M fibered over
the real line. So, we have a surjective submersion π : M → R. We will denote by
V π the vertical bundle of π which is a vector bundle over M . Then, the restricted
(respectively, extended) phase space of momenta is the dual bundle V ∗π of V π
(respectively, the cotangent bundle T ∗M of M).
We remark that T ∗M is a principal R-bundle over V ∗π and the dual map µpi :
T ∗M → V ∗π of the inclusion i : V π → TM is the principal bundle projection. The
corresponding principal action ψpi : R× T
∗M → T ∗M is defined by
ψpi(s, αx) = αx + sπ
∗(dt)(x), for s ∈ R and αx ∈ T
∗
xM,
where t is the usual coordinate on R. Note that the principal action ψpi is symplec-
tic with respect to the symplectic structure on T ∗M. Moreover, the infinitesimal
generator Zµpi of ψpi is the Hamiltonian vector field
Zµpi = H−pi◦piM ∈ X(T
∗M)
of the real function on T ∗M given by −π ◦πM : T
∗M → R, where πM : T
∗M →M
is the canonical projection. One proves easily that
(2.1) f ∈ C∞(T ∗M) is µpi-projectable if and only if Zµpi(f) = 0.
On the other hand, the extended phase of momenta T ∗M admits a linear Pois-
son structure {·, ·}T∗M induced by the canonical symplectic 2-form ΩM on T
∗M .
Moreover, using (2.1) and the Jacobi identity of {·, ·}T∗M , one deduces that the
subset µ∗pi(C
∞(V ∗π)) of C∞(T ∗M) is closed with respect to {·, ·}T∗M . Therefore,
there is a unique Poisson structure {·, ·}V ∗pi on V
∗π such that (see [28])
(2.2) {f ◦ µpi, h ◦ µpi}T∗M = {f, h}V ∗pi ◦ µpi, f, h ∈ C
∞(V ∗π).
Notice that {·, ·}V ∗pi is also linear and µpi : T
∗M → V ∗π is, by construction, a
Poisson epimorphism.
In this setting, a Hamiltonian section is a section h : V ∗π → T ∗M of µpi. Using
the Hamiltonian section one may define a cosymplectic structure (ωh, η) on V
∗π as
follows
(2.3) ωh = h
∗(ΩM ), η = π
∗
V ∗pi(π
∗(dt))
with πV ∗pi : V
∗π →M the corresponding projection (for the definition of a cosym-
plectic structure, see Appendix A). In fact, the 1-form η given by (2.3) is just
η = −h∗(iZµpiΩM ) and ωh is well known Poincare´-Cartan 2-form.
On the other hand, since µpi((h ◦ µpi)(αx)) = µpi(αx), there exists a unique
Fh(αx) ∈ R such that
ψpi(−Fh(αx), αx) = h(µpi(αx)).
The extended Hamiltonian function associated with the Hamiltonian section h is
just the real C∞-function Fh : T
∗M → R and (T ∗M,Ω, Fh) is the so-called ho-
mogeneous Hamiltonian system. It’s easy to prove that the Hamiltonian vector
field HFh of Fh is µpi-projectable on the Reeb vector field Rh of the cosymplectic
structure (ωh, η).
In what follows, we will give the local expressions of these elements. Firstly,
from the fact that π : M → R is a submersion, one may consider local coordinates
(t, qi) on M adapted to the submersion π such that π :M → R is the coordinate t.
Denote by (t, p, qi, pi) (respect. (t, q
i, pi)) the corresponding local coordinates on
T ∗M (respect. on V ∗π). With respect to them, we have that{
t, qi
}
V ∗pi
= {t, pi}V ∗pi =
{
qi, qj
}
V ∗pi
= {pi, pj}V ∗pi = 0,
{
qi, pj
}
V ∗pi
= δij ,
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and
ψpi(s, (t, p, q
i, pi)) = (t, s+ p, q
i, pi), µpi(t, p, q
i, pi) = (t, q
i, pi).
If the local expression of a Hamiltonian section h : V ∗π → T ∗M is given by
h(t, qi, pi) = (t,−H(t, q, p), q
i, pi),
then,
Fh(t, p, q
i, pi) = p+H(t, q
i, pi)
and
ωh = dq
i ∧ dpi +
∂H
∂qi
dqi ∧ dt+
∂H
∂pi
dpi ∧ dt, η = dt.
Thus, the Reeb vector field Rh of the cosymplectic structure (ωh, η) and the Hamil-
tonian vector field HFh have the following local expressions
Rh =
∂
∂t
+
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
, HFh =
∂
∂t
−
∂H
∂t
∂
∂p
+
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
.
We remark that the integral curves of Rh are just the Hamilton equations for h,
dqi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂qi
, for all i.
3. The category of symplectic principal R-bundles
Motivated by the example of the above section, one may introduce the notion of
a symplectic principal R-bundle as follows.
Let µ : A → V be a principal R-bundle (a AV-bundle in the terminology [10]).
We will denote by
ψ : R×A→ A, (s, a) 7→ ψs(a),
the corresponding principal action of the Lie group (R,+) on the manifold A.
In this case the vertical distribution of µ has dimension 1 and it is generated by
the infinitesimal generator Zµ ∈ X(A) whose flow is ψs.
Definition 3.1. We will say that µ : (A,Ω)→ V is a symplectic principal R-bundle,
if µ : A → V is a principal R-bundle and Ω is a symplectic structure on A such
that the associated principal action ψ : R×A→ A is symplectic.
Note that the infinitesimal generator Zµ of a symplectic principal R-bundle µ :
(A,Ω)→ V is a locally Hamiltonian vector field.
Example 3.2. The standard symplectic principal R-bundle associated with a fibra-
tion. If π : M → R is a surjective submersion then T ∗M is the total space of a
symplectic principal R-bundle over V ∗π (see Section 2). ⋄
Example 3.3. The standard symplectic principal R-bundle associated with a fibra-
tion and a magnetic term. Let π : M → R be a surjective submersion with total
space a manifold M of dimension n+ 1 and β a closed 2-form on M . Consider the
closed basic 2-form (the magnetic term) B = π∗Mβ on T
∗M , where πM : T
∗M →M
is the canonical projection. An easy computation shows that B is invariant with
respect to the R-principal action of the standard symplectic principal R-bundle
µpi : T
∗M → V ∗π. Thus, if ΩM is the canonical symplectic form on T
∗M ,
µpi : (T
∗M,ΩM −B)→ V
∗π is a symplectic principal R-bundle.
⋄
Now, we will prove a version of Darboux Theorem for a symplectic principal
R-bundle.
Theorem 3.4. Let µ : (A,Ω)→ V be a symplectic principal R-bundle with infini-
tesimal generator Zµ. Suppose that dimA = 2n + 2. Then, for any a ∈ A, there
exist local coordinates (t, p, qi, pi), (i = 1, . . . , n) in a neighborhood U of a such that
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i) the local expression of µ : A→ V is
(3.1) µ(t, p, qi, pi) = (t, q
i, pi),
ii) (t, p, qi, pi) are Darboux coordinates for Ω.
Moreover, the local expression of the infinitesimal generator is Zµ =
∂
∂p .
Proof. The proof is based on the well-known construction of the Darboux coordi-
nates (see, for instance, [4, 18]). Fix a ∈ A. Since the vector field Zµ is locally
Hamiltonian, there exists a local function t such that Zµ = −Ht. Choose a function
p (eventually defined on a smaller open neighborhood of a) such that Zµ(p) = 1.
Using the generalized Darboux Theorem on the closed 2-form Ω′ = Ω− dt ∧ dp of
rank 2n, one may complete t, p to a coordinate system (t, p, qi, pi) such that
Ω = dt ∧ dp+
∑
i
dqi ∧ dpi.
It follows that Zµ = −Ht =
∂
∂p . Since µ is the projection of A on A/〈Zµ〉, the local
expression of µ is as in (3.1). 
We will say that (t, p, qi, pi) in the previous theorem are canonical coordinates
for the symplectic principal R-bundle µ.
If µ : (A,Ω) → V is a symplectic principal R-bundle, then, using a well-known
result on Poisson reduction (see for instance [26], Theorem 10.1.1) we have that the
base manifold V may be canonically equipped with a Poisson structure as we show
in the following result.
Proposition 3.5. Let µ : (A,Ω) → V be a symplectic principal R-bundle. Then,
there exists a unique Poisson structure {·, ·}V on V such that µ is a Poisson map,
i.e.
(3.2) {f ◦ µ, f ′ ◦ µ}A = {f, f
′}V ◦ µ, for any f, f
′ ∈ C∞(V ),
where {·, ·}A is the Poisson bracket on A induced by the symplectic form Ω.
Note that for canonical coordinates of µ, if (t, qi, pi) are the induced coordinates
on V , the corresponding local expression of the Poisson bracket on V with respect
to these coordinates is the following one:{
t, qi
}
V
= {t, pi}V =
{
qi, qj
}
V
= {pi, pj}V = 0,
{
qi, pj
}
V
= δij .
Example 3.6. In the particular case when we have an standard symplectic prin-
cipal R-bundle µpi : (T
∗M,ΩM )→ V
∗π associated with a fibration π :M → R, the
Poisson structure is just the one described in (2.2).
Additionaly, we suppose that we have a closed 2-form β on M . Denote by
B = π∗M (β) ∈ Ω
1(T ∗M), where πM : T
∗M → M is the canonical projection, and
by
• ΛT∗M and Λ
B
T∗M the Poisson structures on T
∗M induced by the symplectic
2-form ΩM and ΩM −B, respectively;
• ΛV ∗pi and Λ
B
V ∗pi the Poisson structures on V
∗π induced on the base space
of the symplectic principal R-bundles µpi : (T
∗M,ΩM ) → V
∗π and µpi :
(T ∗M,ΩM −B)→ V
∗π, respectively.
If {·, ·}T∗M and {·, ·}
B
T∗M are the Poisson brackets on T
∗M induced by the sym-
plectic forms ΩM and ΩM −B, respectively, then, one may easily prove that
(3.3) {F, F ′}
B
T∗M = {F, F
′}T∗M +B(HF ,HF ′),
for any F, F ′ ∈ C∞(T ∗M), where HF ,HF ′ ∈ X(T
∗M) are the Hamiltonian vector
fields of F, F ′ with respect to the symplectic structure ΩM (see [21]).
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Alternatively, (3.3) may be written in terms of vertical lift of β. We recall that,
for a vector bundle τ : E → Q, the vertical lift γv of a section γ of ∧pE → Q is a
p-vector on E. In fact, if (qi) are local coordinates on an open subset U of Q, {eα}
is a local basis of Γ(E) and γ = γi1...ipei1 ∧ · · · ∧ eip on U then
γv = γi1...ip
∂
∂yi1
∧ · · · ∧
∂
∂yip
where (qi, yα) are the corresponding local coordinates on E. Then, (3.3) may be
rewritten as
(3.4) {F, F ′}
B
T∗M = {F, F
′}T∗M + β
v(dF, dF ′).
Indeed, it is sufficient to prove that if F and F ′ are linear or basic functions on
T ∗M then βv(dF, dF ′) = B(HF ,HF ′).
Therefore, from (3.4), we deduce that the Poisson structures ΛBT∗M and ΛT∗M
are related as follows
(3.5) ΛBT∗M = ΛT∗M + β
v.
On the other hand, we consider the section β¯ of the vector bundle ∧2V ∗π →M
defined by
β¯(x) = β(x)|Vxpi×Vxpi, for any x ∈ N.
If {·, ·}BV ∗pi and {·, ·}V ∗pi denote the Poisson brackets on V
∗π induced by ΛBV ∗pi and
ΛV ∗pi, respectively, from (3.4) and Proposition 3.5, we have that
(3.6) {f, f ′}
B
V ∗pi ◦ µpi = {f, f
′}V ∗pi ◦ µpi + β
v(µ∗pi(df), µ
∗
pi(df
′)),
for f, f ′ ∈ C∞(V ∗π).
Moreover, one may easily prove that
βv(µ∗pi(df), µ
∗
pi(df
′)) = β¯v(df, df ′) ◦ µpi.
Thus,
(3.7) ΛBV ∗pi = ΛV ∗pi + β¯
v.
In the last part of this section we will study morphisms in the category of sym-
plectic principal R-bundles.
Let µ : A → V and µ′ : A′ → V ′ be two principal R-bundles with principal
actions ψ and ψ′, respectively. Suppose that the function ϕ : A→ A′ is a principal
R-bundle morphism, that is, ϕ is equivariant with respect to the principal actions,
i.e.
(3.8) ϕ ◦ ψs = ψ
′
s ◦ ϕ, for any s ∈ R.
From (3.8), one deduces that the infinitesimal generators Zµ and Zµ′ of µ :
A → V and µ′ : A′ → V ′ respectively, are ϕ-related. Moreover, by passing to the
quotient and using (3.8), one may define a map ϕV : V → V ′ characterized by the
following relation
(3.9) µ′ ◦ ϕ = ϕV ◦ µ.
Note that, since µ is a submersion, then ϕV is smooth. The following diagram
illustrates the situation
A
ϕ
//
µ

A′
µ′

V
ϕV
// V ′
Now, suppose that ϕ is a principal R-bundle embedding. Then, ϕV is also an em-
bedding. In fact, using (3.8), (3.9) and the fact that µ◦ψs = µ, for all s, we deduce
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that ϕV is an injective immersion. Moreover, standard topological arguments show
that the map ϕV : V → ϕV (V ) is an homeomorphism.
On the other hand, if ϕ : A → A′ is a diffeomorphism, then ϕV also is a
diffeomorphism. Indeed,
(ϕV )−1 = (ϕ−1)V
′
.
Definition 3.7. Let µ : (A,Ω)→ V and µ′ : (A′,Ω′)→ V ′ be symplectic principal
R-bundles. A smooth function ϕ : A → A′ is said to be a symplectic principal
R-bundle morphism if ϕ is a principal R-bundle morphism such that ϕ∗Ω′ = Ω.
If we change the word “morphism” by “embedding” (resp., “isomorphism”) in
the previous definition, we obtain the notion of a symplectic principal R-bundle
embedding (resp., a symplectic principal R-bundle isomorphism). In what follows,
we related the Poisson structures induced on a symplectic principal R-bundle em-
bedding
Firstly, we remark that in general, if ϕ : (A,Ω) → (A′,Ω) is a symplectic mor-
phism, ϕ is not a Poisson morphism with respect to the corresponding Poisson
structures ΛA and ΛA′ (see, for instance, [26]). In fact, if ϕ : (A,Ω) → (A
′,Ω) is
a symplectic embedding, then one may give a relation between the corresponding
Poisson structures ΛA and ΛA′ on A and A
′, respectively. Under the identification
of the tangent space TaA at a ∈ A with Taϕ(TaA), we have
(3.10) T ∗ϕ(a)A
′ = (TaA)
o ⊕ ((TaA)
Ω′)o = (TaA)
o ⊕ (#ΛA′ (TaA)
o)o
where (TaA)
Ω′ denotes the symplectic orthogonal space of Taϕ(TaA) ∼= TaA with
respect to the symplectic form Ω′ϕ(a) on Tϕ(a)A
′ and W o denotes the annihilator of
a subspace W ⊂ Tϕ(a)A
′ in T ∗ϕ(a)A
′.
Denote by P˜a : T
∗
ϕ(a)A
′ → ((TaA)
Ω′ )o and Q˜a : T
∗
ϕ(a)A
′ → (TaA)
o the corre-
sponding projectors associated with the splitting (3.10). Note that if α ∈ (TaA)
o,
then (T ∗aϕ)(α) = 0 and P˜a(α) = 0. Using these facts, we deduce that the Poisson
structures ΛA and ΛA′ are related as follows
(3.11) ΛA(a)(ϕ
∗(α′1), ϕ
∗(α′2)) = ΛA′(ϕ(a))(α
′
1, α
′
2)− ΛA′(ϕ(a))(Q˜a(α
′
1), Q˜a(α
′
2))
for all α′1, α
′
2 ∈ T
∗
ϕ(a)A
′.
Now, let ϕ : A→ A′ be an embedding of the principal R-bundles µ : (A,Ω)→ V
and µ′ : (A′,Ω′) → V ′ and let ϕV : V → V ′ be the corresponding embedding
between the base spaces V and V ′. Using (3.9), (3.10) and the fact that the
infinitesimal generators Zµ and Zµ′ are ϕ-related, one may obtain that
TϕV (v)V
′ = TvV ⊕ Tϕ(a)µ
′((TaA)
Ω′ ).
Moreover, from (3.9) and since dim(TvV )
o = dim(TaA)
o, it follows that
(TaA)
o = T ∗ϕ(a)µ((TvV )
o),
(TvV )
o being the annihilator of TvV in TϕV (v)V
′. Therefore, from the fact that µ′
is a Poisson map, we deduce that
Tϕ(a)µ
′((TaA)
Ω′) = Tϕ(a)µ
′(♯ΛA′ ((TaA)
o)) = ♯ΛV ′ (TvV )
o
where ΛV ′ is the Poisson structure on V
′ induced by the symplectic principal R-
bundle µ′ : (A′,Ω′)→ V ′. So, we may again consider the splittings
T ∗ϕV (v)V
′ = (TvV )
o ⊕
(
♯ΛV ′ (TvV )
o
)o
and the first projector q˜v : T
∗
ϕV (v)V
′ → (TvV )
o.
Now, from (3.2), (3.9) and (3.11) and the relation Q˜a ◦ T
∗
ϕ(a)µ
′ = T ∗ϕ(a)µ
′ ◦ q˜v,
we obtain
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Proposition 3.8. Let ϕ : A → A′ be an embedding of the symplectic principal
R-bundles µ : (A,Ω) → V and µ′ : (A′,Ω′) → V ′ and let ϕV : V → V ′ be the
corresponding embedding between the base spaces V and V ′. Then, the Poisson
structures ΛV and ΛV ′ induced on V and V
′ respectively, by µ and µ′, are related
by
ΛV (v)((ϕ
V )∗(σ′1), (ϕ
V )∗(σ′2)) = ΛV ′(ϕ
V (v))(σ′1, σ
′
2)− ΛV ′(ϕ
V (v))(q˜v(σ
′
1), q˜v(σ
′
2))
with v ∈ V and σ′1, σ
′
2 ∈ T
∗
ϕV (v)V
′. If ϕ : A → A′ is an isomorphism of principal
R-bundles, then ϕV : V → V ′ is a Poisson isomorphism.
4. Reduction of symplectic principal R-bundles
In this section we describe the reduction process of a symplectic principal R-
bundle in the presence of a momentum map.
4.1. Canonical actions and momentum maps. In this subsection, we consider
a special type of actions which are compatible with the symplectic principal R-
bundle in a certain sense.
Definition 4.1. We say that an action φ : G×A→ A is a canonical action on the
symplectic principal R-bundle µ : (A,Ω)→ V with principal action ψ : R×A→ A,
if the following conditions hold:
i) φ is a symplectic action,
ii) the actions ψ and φ commute, that is
(4.1) φg ◦ ψs = ψs ◦ φg , for any g ∈ G, s ∈ R,
iii) the 1-form ζµ = iZµΩ is basic with respect to φ, i.e. ζµ(ξA) = 0 for any
ξ ∈ g, where ξA is the infinitesimal generator of φ defined by ξ.
We will see that, for a canonical action on µ with momentum map, one may
induce canonically a Poisson action with a momentum map on V (for the definition
of a momentum map associated with the Poisson action, see Appendix A). In fact,
let ξ be an element of the Lie algebra g. Using that ζµ is basic, it follows that
(4.2) Zµ(Jξ) = iξAΩ(Zµ) = −ζµ(ξA) = 0.
Therefore, the function Jξ : A→ R is constant on the fibers of µ and thus,
(4.3) J ◦ ψs = J, for any s.
Using this fact and (4.1), we may define the action φV : G× V → V of G on V
and the map JV : V → g∗ characterized by
φVg ◦ µ = µ ◦ φg, for any g ∈ G,(4.4)
JV ◦ µ = J.(4.5)
Note that, by construction, µ is equivariant with respect to the actions φ and φV .
So, µ transforms the infinitesimal generator ξA ∈ X(A) of ξ ∈ g with respect to the
action φ into the infinitesimal generator ξV ∈ X(V ) of ξ with respect to the action
φV , that is,
(4.6) Taµ(ξA(a)) = ξV (µ(a)), for any a ∈ A.
Moreover, we have
Proposition 4.2. If φ : G×A→ A is a canonical action equipped with a momen-
tum map J : A→ g∗, then:
i) φV : G× V → V is a Poisson action;
ii) JV : V → g∗ is a momentum map associated with φV and, if J is Ad∗-
equivariant, then so is JV .
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Proof. For any g ∈ G, φVg : V → V is just the map induced by the symplectic
principal R-bundle isomorphism φg : A → A. Thus, using Proposition 3.8, it
follows that φVg is a Poisson map.
Now, we prove that JV is a momentum map, that is, ξV = HJVξ , for any ξ ∈ g.
In fact, for any f ∈ C∞(V ) and a ∈ A, one has, from (3.2), (4.5) and (4.6), that
(ξV (f)) (µ(a)) = ξA(a)(f ◦ µ) = HJξ(a)(f ◦ µ) =
{
f ◦ µ, JVξ ◦ µ
}
A
(a)
=
{
f, JVξ
}
V
(µ(a)) = HJVξ (f))(µ(a)).
Since a is an arbitrary element of A and µ is surjective, we obtain that ξV = HJVξ .
If J is Ad∗-equivariant (see Appendix A), then for any v = µ(a) ∈ V and for
any g ∈ G
Ad∗g−1(J
V (v)) = Ad∗g−1(J(a)) = J(φg(a)) = J
V (φVg (v)).
Thus, JV is Ad∗-equivariant. 
4.2. The reduction process of symplectic principal R-bundles. In this sub-
section, we will use the results of Appendix A to reduce a symplectic principal
R-bundle equipped with a canonical action and an Ad∗-equivariant momentum
map.
Suppose that µ : (A,Ω) → V is a symplectic principal R-bundle equipped with
a canonical action φ : G × A → A of a Lie group G with an Ad∗-equivariant
momentum map J : A → g∗. One may induce a Poisson action φV : G × V → V
on V with an Ad∗-equivariant momentum map JV : V → g∗. Assume that φV is
free and proper. Then, so is φ.
If ν ∈ g∗, from Marsden-Weinstein reduction Theorem (resp., Poisson reduc-
tion Theorem), we may induce a reduced symplectic structure Ων (resp., a re-
duced Poisson bracket {·, ·}ν) on the quotient space Aν = J
−1(ν)/Gν (resp.,
Vν = (J
V )−1(ν)/Gν). Let’s prove that Aν and Vν are the total space and the
base manifold, respectively, of a reduced principal R-bundle µν : Aν → Vν .
The map µν : Aν → Vν is defined as follows. Using (4.5), it follows that the
restriction µ : J−1(ν) → (JV )−1(ν) of µ to the closed submanifold J−1(ν) is a
surjective submersion. Moreover, we have that the actions φ : Gν × J
−1(ν) →
J−1(ν) and φV : Gν × (J
V )−1(ν)→ (JV )−1(ν) of the isotropy group Gν on J
−1(ν)
and (JV )−1(ν) respectively, are free and proper and µ is equivariant with respect
to them. Denote by
µν : Aν = J
−1(ν)/Gν → Vν = (J
V )−1(ν)/Gν
the induced map on the quotient spaces which is characterized by
(4.7) µν ◦ πν = π
V
ν ◦ µ,
where πν : J
−1(ν)→ Aν and π
V
ν : (J
V )−1(ν)→ Vν are the corresponding canonical
projections. Note that µν is a surjective submersion.
Moreover, using (4.1) and (4.3), we have that the principal action ψ : R×A→ A
restricts to an action of R on J−1(ν). So, it defines an action of R on Aν , ψν :
R×Aν → Aν characterized by
(4.8) (ψν)s ◦ πν = πν ◦ ψs.
In addition, we may prove the following result.
Theorem 4.3. Let µ : (A,Ω) → V be a symplectic principal R-bundle equipped
with a canonical action φ : G × A → A and an Ad∗-equivariant momentum map
J : A → g∗. Suppose that the induced action φV : G × V → V is free and
proper. Then, for any ν ∈ g∗, µν : (Aν ,Ων) → Vν is a symplectic principal R-
bundle with principal action defined by (4.8), where Ων is the reduced symplectic
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structure on the reduced space Aν = J
−1(ν)/Gν . Moreover, the restriction of the
infinitesimal generator Zµ of µ to J
−1(ν) is tangent to J−1(ν) and πν-projectable.
Its πν-projection is the infinitesimal generator Zµν of µν .
Proof. First of all, we will see that ψν is a free action. Indeed, suppose that
(ψν)s(πν(a)) = πν(a), for a ∈ J
−1(ν). Then, from (4.1) and (4.8), we deduce that
there exists g ∈ Gν such that
(4.9) a = ψs(φg(a)).
This implies that
µ(a) = µ(ψs(φg(a))) = µ(φs(a))
and, using (4.4), it follows that φVg (µ(a)) = µ(a). Thus, since φ
V is a free action,
we obtain that g = e. Therefore, from (4.9), we conclude that s = 0.
Next, we will prove that the fibers of µν are just the orbits of the action of R on
Aν = J
−1(ν)/Gν . In other words, we will see that
(ψν)piν(a)(R) = (µν)
−1(µν(πν(a))), for a ∈ J
−1(ν).
In fact, a straightforward computation, using (4.4), (4.7) and (4.8), proves the
result. Consequently, µν : Aν → Vν is a principal R-bundle.
Now, as we know, the action ψ : R×A→ A restricts to an action of R on J−1(ν).
This implies that the restriction to J−1(ν) of the infinitesimal generator Zµ of µ is
tangent to J−1(ν) and Zµ|J−1(ν) is just the infinitesimal generator of the action of
R on J−1(ν).
In addition, since the projection πν is equivariant, we obtain that Zµ|J−1(ν) is
πν -projectable and its projection is the infinitesimal generator Zµν of µν .
Finally, we prove that Zµν is a locally Hamiltonian vector field. We will show
that the flow (ψν)s : Aν → Aν of Zµν preserves the symplectic form Ων . In fact,
using (4.8), (A.2) (see Appendix A) and the invariance of Ω under the action of ψs,
we get
π∗ν ((ψν)
∗
sΩν) = ψ
∗
s (π
∗
νΩν) = ψ
∗
s (i
∗
νΩ) = i
∗
νΩ = π
∗
νΩν ,
As a consequence, we have that (ψν)
∗
sΩν = Ων . 
From Proposition 3.5, the symplectic 2-form Ων on Aν induces a Poisson struc-
ture {·, ·}Vν on Vν . On the other hand, using Theorem A.1, we have that Vν is
equipped with a reduced Poisson structure. The following result proves that these
structures are the same one.
Proposition 4.4. Under the same hypotheses as in Theorem 4.3, the reduced Pois-
son bracket {·, ·}ν on Vν is just the one induced by the symplectic principal R-bundle
µν : Aν → Vν .
Proof. Let fν, f
′
ν be functions on Vν and π
V
ν (v) ∈ Vν , with v ∈ (J
V )−1(ν). Choose
a ∈ J−1(ν) such that µ(a) = v. The bracket {·, ·}ν is characterized by
{fν , f
′
ν}ν (π
V
ν (v)) = {f, f
′}V (v)
where f, f ′ ∈ C∞(V ) are arbitrary G-invariant extensions of fν ◦ π
V
ν and f
′
ν ◦ π
V
ν ,
respectively.
Note that f ◦ µ, f ′ ◦ µ ∈ C∞(A) are G-invariant extensions of fν ◦ π
V
ν ◦ µ|J−1(ν)
and f ′ν ◦ π
V
ν ◦ µ|J−1(ν), respectively. Applying Theorem A.2 (see Appendix A), we
obtain that the Poisson bracket {·, ·}Aν on Aν induced by Ων may be expressed as
follows
{fν ◦ µν , f
′
ν ◦ µν}Aν (πν(a)) = {f ◦ µ, f
′ ◦ µ}A (a).
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Therefore, using (3.2) refered to µ and µν , we have
{fν , f
′
ν}Vν (π
V
ν (v)) = {fν ◦ µν , f
′
ν ◦ µν}Aν (πν(a))
= {f ◦ µ, f ′ ◦ µ}A (a) = {fν , f
′
ν}ν (π
V
ν (v)).
This proves that {fν , f
′
ν}Vν = {fν , f
′
ν}ν . 
4.3. The standard case. In this subsection, we want to apply the reduction pro-
cedure to the standard symplectic principal R-bundle µpi : (T
∗M,ΩM ) → V
∗π
associated with a surjective submersion π : M → R (see Section 2 and Example
3.2), where ΩM is the canonical symplectic structure on T
∗M .
Suppose that φ : G ×M → M is an action of a connected Lie group G on the
manifold M . The lifted action T ∗φ : G× T ∗M → T ∗M is symplectic with respect
to the standard symplectic structure ΩM on T
∗M and it admits an Ad∗-equivariant
momentum map J : T ∗M → g∗ given by
(4.10) J(αx)(ξ) = Jξ(αx) = αx(ξM (x)), for any ξ ∈ g
where ξM ∈ X(M) is the infinitesimal generator of φ associated with ξ.
The following result gives a sufficient condition for T ∗φ to be a canonical action
on the standard symplectic principal R-bundle µpi.
Proposition 4.5. Let π : M → R be a surjective submersion. Denote by µpi :
(T ∗M,ΩM ) → V
∗π the corresponding standard symplectic principal R-bundle and
by T ∗φ : G × T ∗M → T ∗M the cotangent lift of an action φ : G ×M → M of a
connected Lie group G on M . If π is G-invariant, i.e. π ◦ φg = π for any g ∈ G,
then T ∗φ is a canonical action on µpi.
Proof. Recall that the infinitesimal generator ξT∗M of the action T
∗φ associated
to an element ξ of g is just the Hamiltonian vector field of the linear function
ξ̂M ∈ C
∞(T ∗M) associated with ξM ∈ X(M).
Moreover, since πM : T
∗M →M is equivariant with respect to the actions T ∗φ
and φ, the vector fields ξT∗M and ξM are πM -related. Now, using that Zµpi is the
Hamiltonian vector field of the function −π ◦ πM and that π is G-invariant, we get
ΩM (ξT∗M , Zµpi) = Hξ̂M (π ◦ πM ) = ξT∗M (π ◦ πM ) = ξM (π) ◦ πM = 0.
Thus, ζµpi = iZµpiΩM is basic. It follows also that
[Zµpi , ξT∗M ] = −[Hpi◦piM ,Hξ̂M ] = H{pi◦piM ,ξ̂M}
T∗M
= 0
for all ξ ∈ g. Since G is connected, the actions ψ and T ∗φ commute. 
Moreover, we note that if φ is free and proper, so is (T ∗φ)V
∗pi.
The rest of the subsection is devoted to give sufficient conditions for the reduced
symplectic principal R-bundle obtained from a standard principal R-bundle to be
again standard. We will use some well known results of the cotangent bundle
reduction theory (see, for instance, [21]).
Suppose that a connected Lie group G acts freely and properly on a manifold
M .
We assume that we have a G-invariant surjective submersion π :M → R. Using
Theorem 4.3, we obtain a reduced symplectic principal R-bundle
(µpi)ν : ((T
∗M)ν , (ΩM )ν)→ (V
∗π)ν ,
where (T ∗M)ν = J
−1(ν)/Gν and (V
∗π)ν = (J
V ∗pi)−1(ν)/Gν .
On the other hand, since π is G-invariant, there exists a unique surjective sub-
mersion π∗1,ν :M/Gν → R such that
(4.11) π∗1,ν ◦ πM,Gν = π,
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where we have denoted by πM,Gν : M → M/Gν the ν-shape space. Thus, we may
consider the corresponding standard symplectic principal R-bundle
µpi∗1,ν : (T
∗(M/Gν),ΩM/Gν )→ V
∗π∗1,ν ,
ΩM/Gν being the canonical symplectic 2-form on the cotangent bundle T
∗(M/Gν).
We will prove that, under a suitable hypothesis, the reduced symplectic principal
R-bundle (µpi)ν may be embedded into the standard symplectic principal R-bundle
µpi∗1,ν , where the total space T
∗(M/Gν) will be equipped with the canonical sym-
plectic form ΩM/Gν deformed by a magnetic term.
The magnetic term is defined as follows. Consider the action φν : Gν ×M →M
deduced from φ : G×M →M . Its cotangent lift T ∗φν : Gν ×T
∗M → T ∗M has an
Ad∗-equivariant momentum map Jν : T
∗M → g∗ν obtained by restricting J , that
is, for αx ∈ T
∗
xM ,
(4.12) Jν(αx) = J(αx)|gν .
Let ν′ = ν|gν ∈ g
∗
ν be the restriction of ν to gν . Since the actions are free and
proper, ν and ν′ are regular values for J and Jν , respectively. Note that the
inclusion of submanifolds ι¯ : J−1(ν) →֒ J−1ν (ν
′) is a Gν-invariant embedding.
We will use the following assumption
(MT) There exists a Gν -invariant 1-form λν on M with values in J
−1
ν (ν
′).
In fact, if A : TM → g is the connection 1-form associated with a principal connec-
tion on the principal G-bundle πM,G :M →M/G then λν = ν ◦A defines a 1-form
on M which satisfies the condition (MT) (for more details, see [21]).
Now, using that the 2-form dλν is basic with respect to the projection πM/Gν ,
we deduce that there exists a unique closed 2-form βλν on M/Gν such that
π∗M,Gνβλν = dλν .
If we define the 2-form Bλν on T
∗(M/Gν) as
Bλν = π
∗
M/Gν
βλν ,
where πM/Gν : T
∗(M/Gν) → M/Gν is the cotangent bundle projection, we may
consider the corresponding standard symplectic principal R-bundle
µpi∗1,ν : (T
∗(M/Gν),ΩM/Gν −Bλν )→ V
∗π∗1,ν
with magnetic term Bλν (see Example 3.3). The form Bλν is usually called the
magnetic term associated with λν .
The main theorem of this section is the following one:
Theorem 4.6. Let φ : G×M →M be a free and proper action of a connected Lie
group G on the manifold M and π : M → R a G-invariant surjective submersion.
Let ν ∈ g∗ and π∗1,ν : M/Gν → R the surjective submersion obtained from π by
passing to the quotient. Choose a Gν-invariant 1-form λν ∈ Ω
1(M) with values in
J−1ν (ν
′). Then there is a symplectic principal R-bundle embedding
ϕλν : (T
∗M)ν → T
∗(M/Gν)
between the reduced symplectic principal R-bundle (µpi)ν : ((T
∗M)ν , (ΩM )ν) →
(V ∗π)ν and the standard symplectic principal R-bundle µpi∗1,ν : (T
∗(M/Gν),ΩM/Gν−
Bλν ) → V
∗π∗1,ν , with the symplectic structure modified by Bλν ∈ Ω
2(T ∗(M/Gν)),
the magnetic term associated with λν .
Moreover, ϕλν is a symplectic principal R-bundle isomorphism if and only if
g = gν (in particular, if ν = 0 or G = Gν), where gν is the Lie algebra of Gν .
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Proof. Using the cotangent bundle reduction theory (see [1] for more details), we
have that there is a symplectic embedding
ϕλν : (T
∗M)ν → T
∗(M/Gν)
which is an isomorphism if and only if g = gν .
Now, we will prove that ϕλν is a principal R-bundle morphism between (µpi)ν
and µpi∗1,ν .
Firstly, we suppose that G = Gν . In such a case, ϕλν is the symplectic isomor-
phism described as follows. Consider the map ϕ¯λν : J
−1(ν) → T ∗(M/G) given
by
ϕ¯λν (αx)(TxπM,G(vx)) = (αx − λν(x))(vx)
for all αx ∈ J
−1(ν) ∩ T ∗xM and vx ∈ TxM . This map is invariant with respect
to φ : G × J−1(ν) → J−1(ν). The corresponding quotient map from J−1(ν)/G =
(T ∗M)ν to T
∗(M/G) is just ϕλν .
Now, we prove that ϕ¯λν is equivariant with respect to the R-actions ψpi : R ×
J−1(ν)→ J−1(ν) and ψpi∗1,ν : R× T
∗(M/G)→ T ∗(M/G), that is
(4.13) ϕ¯λν ◦ (ψpi)s = (ψpi∗1,ν )s ◦ ϕ¯λν , for any s ∈ R.
In fact, for all αx ∈ J
−1(ν) ∩ T ∗xM and vx ∈ TxM
[(ψpi∗1,ν )s ◦ ϕ¯λν ](αx)(TxπM,G(vx)) = (αx − λν(x))(vx) + s π
∗
M,G(η˜[x])(vx)
where η˜ = (π∗1,ν)
∗(dt). From (4.11), we deduce (4.13).
If πν : J
−1(ν) → J−1(ν)/Gν denotes the quotient map, from (4.13) and since
ϕλν ◦ πν = ϕ¯λν and πν is equivariant with respect to the principal R-actions, we
have that
ϕλν ◦ ((ψpi)ν)s ◦ πν = ϕλν ◦ πν ◦ (ψpi)s = (ψpi∗1,ν )s ◦ ϕλν ◦ πν ,
(ψpi)ν : R× (T
∗M)ν → (T
∗M)ν being the R-action on the reduced space (T
∗M)ν
induced by ψpi. Thus, using the fact that πν is surjective, we conclude that ϕλν is
a symplectic principal R-bundle morphism in the case G = Gν .
Finally, suppose that ν is an arbitrary element of g∗. Consider the action φν :
Gν ×M → M induced by φ. Its cotangent lift T
∗φν : Gν × T
∗M → T ∗M is a
symplectic action which admits an Ad∗-equivariant momentum map Jν : T
∗M →
g∗ν given by (4.12).
If ν′ = ν|gν ∈ g
∗
ν then ν
′ is a fixed point of the coadjoint action of Gν , i.e.
(Gν)ν′ = Gν . Moreover, the Gν-invariant embedding ι¯ : J
−1(ν) →֒ J−1ν (ν
′) de-
scends to the quotient and we get
(4.14) ι : J−1(ν)/Gν →֒ J
−1
ν (ν
′)/Gν .
Note that ι¯ is equivariant with respect to the R-actions ψpi : R×J
−1(ν)→ J−1(ν)
and ψpi : R×J
−1
ν (ν
′)→ J−1ν (ν
′). Thus, ι is equivariant with respect to the reduced
R-actions
(ψpi)ν : R× J
−1(ν)/Gν → J
−1(ν)/Gν
and
(ψpi)ν′ : R× J
−1
ν (ν
′)/Gν → J
−1
ν (ν
′)/Gν .
On the other hand, J−1(ν)/Gν (resp., J
−1
ν (ν
′)/Gν) is the total space of the reduced
symplectic principal R-bundle (µpi)ν (resp., (µpi)ν′) obtained from µpi using the
canonical action of G (resp., Gν) on T
∗M . Consequently, ι is a symplectic principal
R-bundle embedding.
Now, using that (Gν)ν′ = Gν and the first part of the proof, we have a symplectic
principal R-bundle isomorphism
ϕλν′ : (T
∗M)ν′ → T
∗(M/Gν)
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between the reduced symplectic principal R-bundles (µpi)ν′ : ((T
∗M)ν′ , (ΩM )ν′)→
(V ∗π)ν′ and µpi∗1,ν : (T
∗(M/Gν),ΩM/Gν −Bλν )→ V
∗π∗1,ν .
Composing ι with ϕλν′ , we obtain the required embedding ϕλν . 
Under the same hypotheses as in Theorem 4.6, using (3.5) and (3.7), it follows
that the Poisson structures on T ∗(M/Gν) and V
∗π∗1,ν are
ΛT∗(M/Gν) + β
v
λν and ΛV ∗pi∗1,ν + β¯
v
λν ,
respectively, where β¯λν is the restriction of βλν to V π
∗
1,ν × V π
∗
1,ν .
On the other hand, if ϕVλν : (V
∗π)ν → V
∗π∗1,ν is the corresponding embedding
between the base spaces of the principal R-bundles, [αx] ∈ (T
∗M)ν and [α¯x] ∈
(V ∗π)ν , then from (3.10), we have that
T ∗ϕλν [αx](T
∗(M/Gν)) =
(
T[αx](T
∗M)ν
)o
⊕ ♯−1ΛT∗(M/Gν )+βvλν
(T[αx](T
∗M)ν),
T ∗ϕVλν [α¯x]
(V ∗π∗1,ν) =
(
T[α¯x](V
∗π)ν
)o
⊕
(
♯ΛV ∗pi∗1,ν+β¯
v
λν
(T[α¯x](V
∗π)ν)
o
)o
,
and the corresponding projectors
Q∗[αx] : T
∗
ϕλν [αx]
(T ∗(M/Gν))→
(
T[αx](T
∗M)ν
)o
q∗[α¯x] : T
∗
ϕVλν [α¯x]
(V ∗π∗1,ν)→
(
T[α¯x](V
∗π)ν
)o
.
Moreover, using Proposition 3.8, we conclude that
Theorem 4.7. Under the same hypotheses as in Theorem 4.6, the reduced Poisson
structures Λν and Λ¯ν on (T
∗M)ν and (V
∗π)ν , respectively, are given by
Λν([αx])
(
ϕ∗λνα
′
1, ϕ
∗
λνα
′
2
)
= (ΛT∗(M/Gν) + β
v
λν )(ϕλν [αx])
(
α′1, α
′
2
)
− (ΛT∗(M/Gν) + β
v
λν )(ϕλν [αx])
(
Q∗[αx]α
′
1, Q
∗
[αx]
α′2
)
and
Λ¯ν([α¯x])
(
(ϕVλν )
∗σ′1, (ϕ
V
λν )
∗σ′2
)
= (ΛV ∗pi∗1,ν + β¯
v
λν )(ϕ
V
λν [α¯x])
(
σ′1, σ
′
2
)
− (ΛV ∗pi∗1,ν + β¯
v
λν )(ϕ
V
λν [α¯x])
(
q∗[α¯x]σ
′
1, q
∗
[α¯x]
σ′2
)
.
for all α′1, α
′
2 ∈ T
∗
ϕλν [αx]
(T ∗(M/Gν)), σ
′
1, σ
′
2 ∈ T
∗
ϕV
λν
[α¯x]
(V ∗π∗1,ν) and [αx] ∈ (T
∗M)ν ,
[α¯x] ∈ (V
∗π)ν .
Example 4.8 (The bidimensional time-dependent damped harmonic oscillator).
(see [7] and references therein). This time-dependent mechanical system involves
harmonic oscillators with time-dependent frequency or with time-dependent masses
or subject to linear time-dependent damping forces. The configuration space is
the manifold R2 × R fibered on R with respect to the surjective submersion pr2 :
R
2 × R→ R and the corresponding restricted phase space of momenta is V ∗pr2 =
T ∗R2×R. The Hamiltonian function H : V ∗pr2 = T
∗
R
2×R ∼= (R2×R2)×R→ R
is given by
H(q1, q2, p1, p2, t) =
eσ(t)
2
(p21 + p
2
2) + F (t)((q
1)2 + (q2)2)
with σ, F : R→ R real C∞-functions on R.
We consider the action φ : S1 × (R2 × R)→ (R2 ×R) of S1 on R2 ×R given by
φθ(q
1, q2, t) = (q1 cos θ + q2 sin θ,−q1 sin θ + q2 cos θ, t), for θ ∈ S1
which is not free. However, if one restricts this action to (R2 \ {(0, 0)}) × R ∼=
(S1 × R+) × R, φ is free and proper. Then, in order to reduce the system, we
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consider the second projection π : (S1 × R+) × R → R and the corresponding
symplectic R-principal bundle
µpi : T
∗(S1 × R+)× R2 → T ∗(S1 × R+)× R, (θ, r, pθ, pr, t, p) 7→ (θ, r, pθ, pr, t).
A direct computation proves that π◦φθ = π. Therefore, T
∗φ : S1×(T ∗(S1×R+)×
R
2) → T ∗(S1 × R+) × R2 is a canonical action. On the other hand, we have the
momentum maps J : T ∗(S1 × R+) × R2 → R and JV
∗pi : T ∗(S1 × R+) × R → R
deduced from (4.10) whose explicit expressions are
J(θ, r, pθ, pr, t, p) = pθ, J
V ∗pi(θ, r, pθ, pr, t) = pθ.
If ν ∈ R, then the corresponding level sets may be expressed as
J−1(ν) ∼= S1 × T ∗R+ × R2, (JV
∗pi)−1(ν) ∼= S1 × T ∗R+ × R
and, since the isotropy subgroup of S1 at ν is again S1, the reduced spaces are just
J−1(ν)/S1 ∼= T ∗(R+ × R), (JV
∗pi)−1(ν)/S1 ∼= T ∗R+ × R.
Finally, the Poisson structure on (JV
∗pi)−1(ν)/S1 ∼= T ∗R+ × R is the one induced
by the standard cosympletic structure.
Example 4.9 (The time-dependent heavy top). (see [20] and references therein).
This system consists of a rigid body with a fixed point moving in a time-dependent
gravitational field.
The configuration space for this mechanical system is the product manifold
SO(3) × R fibered on R by the second projection π : SO(3) × R → R. More-
over, the phase space of momenta V ∗π may be identified in a natural way with
(SO(3) × R3) × R using the left trivialization of T ∗SO(3). Under this identifica-
tion, the Hamiltonian function H : (SO(3)× R)× R3 → R is given by
H((A, t),Π) =
1
2
〈I−1Π,Π〉+ 〈A−1e3, γ(t)〉,
where I : so(3) ∼= R3 → so∗(3) ∼= R3 is the inertial tensor of the body and γ : R →
R
3 is the time-dependent gravitational field.
Now, we consider the closed subgroup of SO(3)
K =



 cos θ sin θ 0− sin θ cos θ 0
0 0 1

 /θ ∈ R

 ∼= S1.
If {e1, e2, e3} is the canonical basis of so(3) ∼= R
3, then the Lie algebra associated
with K is just 〈e3〉.
In addition, we take the action of K on T ∗(SO(3)×R) ∼= (SO(3)×R)×(R3×R)
given by
φ(Aθ , (A, t),Π, p) = ((AθA, t),Π, p),
with Aθ ∈ K, A ∈ SO(3), t ∈ R and (Π, p) ∈ R
3×R. This action is free and proper
and π is invariant with respect to it.
Let J : (SO(3)×R)× (R3×R)→ R be the momentum map deduced from (4.10)
whose explicit expression is
J((A, t),Π, p) = AΠ · e3.
Now, for ν ∈ R, the isotropic subgroup Kν is just S
1 and the level set J−1(ν) is
{((A, t), (Π, p)) ∈ (SO(3)× R)× (R3 × R)/AΠ · e3 = ν}.
If we apply the cotangent bundle reduction using the principal connection λ :
T (SO(3))→ R given by λ(A, v) = (Av) · e3, we obtain that the reduced symplectic
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manifold J−1(ν)/Kν is diffeomorphic to T
∗(S2 × R) ∼= T ∗S2 × R2. The explicit
diffeomorphism J−1(ν)/Hν → T
∗S2 × R2 is
[(A, t),Π, p)]→ ((A−1e3)×Π, (t, p)).
Note that T ∗A−1e3S
2 ∼= {u ∈ R3/u · (A−1e3) = 0}. Moreover, the symplectic 2-form
on T ∗(S2 × R) is ΩS2×R − νπ
∗
S2×R(ωS2), where ΩS2×R is the canonical symplectic
structure on T ∗(S2×R), πS2×R : T
∗(S2 ×R)→ S2×R is the canonical projection
and ωS2 is the symplectic area on S
2, i.e.
ωS2(x)(u, v) = −x · (u × v), ∀x ∈ S
2, u, v ∈ TxS
2 ⊆ TxR
3 ∼= R3.
On the other hand, on V ∗π = (SO(3) × R) × R3, the Poisson momentum map
JV
∗pi : (SO(3) × R)× R3 → R is given by
Jpi
∗V ((A, t),Π) = AΠ · e3.
The level set (JV
∗pi)−1(ν) (respectively, the reduced space JV
∗pi(ν)/Kν) is diffeo-
morphic to (SO(3) × R) × R2 (respectively, to T ∗S2 × R). In order to describe
the Poisson structure on this reduced space, we consider the symplectic 2-form
Ω¯ = ΩS2 − νπ
∗
S2(ωS2) on T
∗S2 × R, where ΩS2 is the canonical symplectic struc-
ture of T ∗S2 and πS2 : T
∗S2 → S2 the canonical projection. Then, the Poisson
structure on T ∗S2 × R is just the Poisson structure induced by pr∗1(Ω¯), where
pr1 : T
∗S2 × R→ T ∗S2 is the canonical projection on the first factor.
5. Non-autonomous Hamiltonian reduction
5.1. Non-autonomous Hamiltonian systems. In this section, we will extend
the example in Section 2 for a symplectic principal R-bundle in the presence of a
Hamiltonian section. Let µ : A→ V be a principal R-bundle with principal action
ψ : R×A→ A and infinitesimal generator Zµ.
It is well-known (see [10]) that there exists a one-to-one correspondence between
the space of the sections of µ and the set {F ∈ C∞(A)|Zµ(F ) = 1}. In fact, if
h : V → A is a section of µ, there is a unique function Fh : A→ R such that
(5.1) a = ψ (Fh(a), h(µ(a))) , for any a ∈ A.
The following result will be useful in the sequel.
Lemma 5.1. Let µ : A → V be a principal R-bundle with principal action ψ :
R×A→ A and h : V → A a section of µ. Then
Fh(h(v)) = 0, for any v ∈ V,(5.2)
Fh(ψ(s, a)) = s+ Fh(a), for any s ∈ R, a ∈ A.(5.3)
Proof. For any v ∈ V , we have (see (5.1))
h(v) = ψ
(
Fh(h(v)), h(µ(h(v)))
)
= ψ(Fh(h(v)), h(v)).
Thus, since ψ is a free action, we deduce that Fh(h(v)) = 0.
Moreover, from (5.1), for any s ∈ R and a ∈ A
(5.4) ψ(s, a) = ψ
(
Fh(ψ(s, a)), h(µ(ψ(s, a)))
)
= ψ
(
Fh(ψ(s, a)), h(µ(a))
)
.
On the other hand, using again (5.1), it follows that
(5.5) ψ(s, a) = ψ
(
s, ψ(Fh(a), h(µ(a)))
)
= ψ
(
s+ Fh(a), h(µ(a))
)
.
Comparing (5.4) and (5.5), we obtain (5.3). 
REDUCTION OF SYMPLECTIC PRINCIPAL R-BUNDLES 17
Using (5.3), we deduce that ψ∗s (dFh) = dFh, for any s ∈ R and since dFh(Zµ) = 1
it follows that dFh : TA→ R is the connection 1-form of a principal connection on
the principal R-bundle µ : A→ V (see [10]).
The horizontal subbundle associated with the principal connection is
a ∈ A 7→ Hha = {X ∈ TaA|X(Fh) = 0} ⊆ TaA
and thus
(5.6) TaA = H
h
a ⊕ Vaµ = H
h
a ⊕ 〈Zµ(a)〉.
Note that
Th(µ(a))µ(Tµ(a)h ◦ Taµ)(X) = (Taµ)(X)
and, moreover, from (5.2)
{(Tµ(a)h ◦ Taµ)(X)}(Fh) = 0.
This implies that
(Th(µ(a))ψFh(a))((Tµ(a)h ◦ Taµ)(X)) = X −X(Fh)Zµ(a)
and, therefore, the horizontal projector horha : TaA→ H
h
a is given by
(5.7) horha(X) = (Th(µ(a))ψFh(a) ◦ Tµ(a)h ◦ Taµ)(X).
Definition 5.2. A non-autonomous Hamiltonian system (A, µ,Ω, h) is a symplectic
principal R-bundle µ : (A,Ω) → V endowed with a section h : V → A of µ, i.e. a
smooth map such that µ ◦ h = idV .
The section h : V → A is called the Hamiltonian section of the system.
In this subsection we will prove that, given a non-autonomous Hamiltonian sys-
tem (A, µ,Ω, h), the base manifold V of the principal R-bundle µ may be equipped
with a cosymplectic structure.
Proposition 5.3. Let (A, µ,Ω, h) be a non-autonomous Hamiltonian system. Then
the Hamiltonian vector field HFh ∈ X(A) of the function Fh associated to a Hamil-
tonian section h : V → A is µ-projectable to a vector field Rh on V .
Proof. Since the infinitesimal generator Zµ is locally Hamiltonian, for any a ∈ A,
there exists a function τ defined on an open neighbourhood U of a such that the
restriction of Zµ to U is the Hamiltonian vector field of τ . Using the definition of
Fh, we have that on U
{τ, Fh}A = −Hτ (Fh) = −Zµ(Fh) = −1,
{·, ·}A being the Poisson bracket on A induced by the symplectic form Ω. As a
consequence,
LZµHFh = [Hτ ,HFh ] = −H{τ,Fh}A = 0.
Thus, the Lie derivative of HFh with respect to any vertical vector field is again
vertical. This is a sufficient (and necessary) condition to ensure the µ-projectability
of HFh . 
The µ-projection Rh of HFh is a vector field on V , which describes the Hamil-
tonian dynamics of the non-autonomous Hamiltonian system (A, µ,Ω, h), as we will
see in what follows.
Proposition 5.4. Let (A, µ,Ω, h) be a non-autonomous Hamiltonian system. If
ωh ∈ Ω
2(V ) and ηh ∈ Ω
1(V ) are defined by
(5.8) ωh = h
∗Ω, ηh = −h
∗(iZµΩ),
then
(5.9) Ω = µ∗ωh − dFh ∧ µ
∗ηh
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and
(5.10) µ∗ηh = −iZµΩ.
Proof. First of all, we will see that (5.10) holds. It is clear that
(5.11) (µ∗ηh)(Zµ) = −(iZµΩ)(Zµ) = 0.
On the other hand, from (5.7) and since µ ◦ ψs = µ and µ ◦ h = id, it follows that
(µ∗ηh)(a)(hor
h
a(X)) = −[h
∗(iZµΩ)](µ(a))((Taµ)(X)),
for a ∈ A and X ∈ TaA.
Thus, since ψ is a symplectic action, we obtain that
µ∗(ηh)(a)(hor
h
a(X)) = −(iZµΩ)(a)(hor
h
a(X)).
This, using (5.6) and (5.11), proves (5.10).
Next, we will see that (5.9) holds.
From (5.10), we deduce that
(5.12) iZµΩ = iZµ(µ
∗ωh − dFh ∧ µ
∗ηh).
On the other hand, using (5.7) and (5.8) and the fact that ψ is a symplectic action,
we have that
Ω(a)(horha(X), hor
h
a(Y )) = (µ
∗ωh)(a)(X,Y )
= (µ∗ωh)(a)(hor
h
a(X), hor
h
a(Y ))
= (µ∗ωh − dFh ∧ µ
∗ηh)(hor
h
a(X), hor
h
a(Y ))
(5.13)
for a ∈ A and X,Y ∈ TaA.
Therefore, from (5.6), (5.12) and (5.13), we deduce (5.9). 
Now, we may prove the following result.
Theorem 5.5. Let (A, µ,Ω, h) be a non-autonomous Hamiltonian system with in-
finitesimal generator Zµ. If ωh and ηh are the 1-form and the 2-form respectively,
on V defined by (5.8), then (V, ωh, ηh) is a cosymplectic manifold. The Reeb vector
field of the cosymplectic structure on V is just Rh.
Proof. From (5.9) and (5.10) and since Ω is closed and LZµΩ = 0, we deduce that
ωh and ηh are closed.
Now, using (5.10) and Proposition 5.4, we have that
(5.14) ηh(Rh) = (µ
∗ηh)(HFh) = (iHFhΩ)(Zµ) = 1.
On the other hand, from (5.9) and Proposition 5.4, it follows that
µ∗(iRhωh) = iHFh (Ω + dFh ∧ µ
∗ηh).
Thus, using (5.14), we obtain that µ∗(iRhωh) = 0 which implies that
(5.15) iRhωh = 0.
Next, suppose that dimA = 2n+2. Then, from (5.15), we deduce that rank(ωh) ≤
2n. Therefore, using (5.4), it follows that
0 6= Ωn+1 = c(µ∗ωh)
n ∧ dFh ∧ µ
∗ηh, with c ∈ R, c 6= 0.
Consequently, the rank of µ∗ωh is 2n and we have that
(5.16) rank ωh = 2n.
Conditions (5.14), (5.15) and (5.16) imply that ηh ∧ ω
n
h 6= 0. 
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The cosymplectic structure (ωh, ηh) on V defined on the base manifold V of a
non-autonomous Hamiltonian system (A, µ,Ω, h) induces a Poisson structure {·, ·}h
on V . On the other hand, as we know (see Proposition 3.5), V is equipped with a
Poisson structure {·, ·}V in such a way that µ is a Poisson map. The next result
shows that the Poisson brackets {·, ·}h and {·, ·}V are equal.
Proposition 5.6. Let (A, µ,Ω, h) be a non-autonomous Hamiltonian system, {·, ·}h
the Poisson bracket on V associated with the cosymplectic structure (ωh, ηh) and
{·, ·}V the Poisson bracket on V induced by the symplectic principal R-bundle struc-
ture. Then, {·, ·}h = {·, ·}V .
Proof. Fix a real C∞-function f on V . It is sufficient to prove that the Hamiltonian
vector field Xf on V with respect to the Poisson bracket {·, ·}V is equal to the
Hamiltonian vector field of f with respect to the cosymplectic structure (ωh, ηh).
Note that, since µ is Poisson map, it follows that the Hamiltonian vector field
Hf◦µ ∈ X(A) is µ-projectable and its projection is just Xf . Thus, from (5.10), we
have
ηh(Xf ) = µ
∗ηh(Hf◦µ) = −iZµΩ(Hf◦µ) = Zµ(f ◦ µ) = 0.(5.17)
On the other hand, using that HFh is µ-projectable on Rh, we deduce that
Rh(f) = HFh(f ◦ µ) = −dFh(Hf◦µ).
Now, from (5.9) and (5.17), it follows that
(iXfωh)(µ(a))(Taµ(Y¯ )) = (µ
∗ωh)(a)(Hf◦µ(a), Y¯ )
= Ω(a)(Hf◦µ(a), Y¯ ) + (dFh ∧ µ
∗ηh)(a)(Hf◦µ(a), Y¯ )
= (d(f ◦ µ))(a)(Y¯ ) + (dFh)(a)(Hf◦µ(a))(µ
∗ηh)(a)(Y¯ )
= (df −Rh(f)ηh)(µ(a))(Taµ(Y¯ )),
for all Y¯ ∈ TaA, with a ∈ A. Therefore,
iXfωh = df −R(f)ηh.
This ends the proof of the result. 
In what follows, we will prove that the integral curves of the vector field Rh
satisfy local equations which are just the Hamilton equations. For this purpose, we
will use canonical coordinates on the symplectic principal R-bundle µ : (A,Ω)→M
(see Theorem 3.4).
Let (t, p, qi, pi) be canonical coordinates on A. Suppose that the local expression
of the Hamiltonian section h : V → A is
h(t, qi, pi) = (t,−H(t, q
j , pj), q
i, pi),
where H is a local function on V . Then, Fh : A→ R may be described locally by
Fh(t, p, q
i, pi) = p+H(t, q
i, pi).
Since (t, p, qi, pi) are Darboux coordinates for the symplectic form Ω on A, we have
that
HFh =
∂
∂t
−
∂H
∂t
∂
∂p
+
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
,
Rh =
∂
∂t
+
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
.
Finally, the cosymplectic structure (ωh, ηh) on V is locally described by
ωh = −
∂H
∂qi
dt ∧ dqi −
∂H
∂pi
dt ∧ dpi + dq
i ∧ dpi, ηh = dt.
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Thus, a curve on V with local expression
t 7→ (t, qi(t), pi(t))
is an integral curve of Rh if and only if it satisfies the Hamilton equations
dqi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂qi
.
Therefore, in the particular case when µ is the standard principal R-bundle associ-
ated with a fibration π :M → R, we recover the results in Section 2.
5.2. Non-autonomous reduction Theorem. In this subsection we will obtain
a reduction theorem for non-autonomous Hamiltonian systems.
Let µ : (A,Ω)→ V be a symplectic principal R-bundle with infinitesimal gener-
ator Zµ and φ : G×A→ A a canonical action of a Lie group G on the symplectic
principal R-bundle µ : (A,Ω)→ V . Denote by φV : G× V → V the corresponding
action on V .
Now suppose that h : V → A is a Hamiltonian section of µ.
Definition 5.7. The Hamiltonian section h is said to be G-equivariant if h is
equivariant with respect to the actions φ and φV , that is,
(5.18) h ◦ φVg = φg ◦ h, for g ∈ G.
Note that, if h : V → A is a Hamiltonian section of a principal R-bundle, then,
from (4.4) and (5.1), we have that
(5.19) φg(a) = ψ
(
Fh(φg(a)), h(φ
V
g (µ(a)))
)
,
for any a ∈ A and g ∈ G. On the other hand, applying φg to the two sides of (5.1)
and using (4.1), we obtain
(5.20) φg(a) = ψ
(
Fh(a), φg(h(µ(a)))
)
.
Comparing (5.19) and (5.20), one may deduce that a Hamiltonian section h : V →
A is G-equivariant if and only if the corresponding function Fh is G-invariant,
i.e. Fh ◦ φg = Fh for any g ∈ G.
Proposition 5.8. If h : V → A is a G-equivariant Hamiltonian section, the in-
duced action φV : G × V → V is a cosymplectic action with respect to the cosym-
plectic structure (ωh, ηh) on V defined by h.
Moreover, if J : A→ g∗ is a momentum map with respect to the action φ, then
the induced momentum map JV : V → g∗ is such that Rh(J
V
ξ ) = 0, for any ξ ∈ g.
Proof. From the equivariance of h and the G-invariance of Ω and iZµΩ, we have
that φVg preserves the forms ωh and ηh, for any g ∈ G. Thus, φ
V is a cosymplectic
action. Moreover, for any ξ ∈ g we have (see (4.5))
Rh(J
V
ξ ) = HFh(J
V
ξ ◦ µ) = HFh(Jξ) = −HJξ(Fh) = −ξA(Fh) = 0,
ξA being the infinitesimal generator of φ defined by ξ. The last equality follows
from the G-invariance of Fh. 
Now, we may reduce the non-autonomous Hamiltonian system. Let (A, µ,Ω, h)
be a non-autonomous Hamiltonian system equipped with a canonical action φ :
G×A→ A of a Lie group G on the manifold A with an Ad∗-equivariant momentum
map J : A → g∗. Suppose that the induced action φV : G × V → V on V is
free and proper. Let ν be an element of g∗. Then we induce a free and proper
action φV : G × (JV )−1(ν) → (JV )−1(ν) of G on (JV )−1(ν) and we may apply
Albert’s Theorem (see Theorem A.3 in Appendix A). Thus, we may reduce the
cosymplectic manifold (V, ωh, ηh) for obtaining a reduced cosymplectic manifold
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(Vν , (ωh)ν , (ηh)ν), where Vν is the quotient manifold (J
V )−1(ν)/Gν and (ωh)ν ,
(ηh)ν are the 2-form and 1-form on Vν characterized by
(5.21) (πVν )
∗(ωh)ν = (i
V
ν )
∗ωh, (π
V
ν )
∗(ηh)ν = (i
V
ν )
∗ηh
πVν : (J
V )−1(ν)→ Vν and i
V
ν : (J
V )−1(ν) →֒ V being the canonical projection and
the canonical inclusion, respectively.
On the other hand, from Theorem 4.3, we obtain a symplectic principal R-bundle
µν : (Aν ,Ων)→ Vν with infinitesimal generator Zµν . We recall that the restriction
of Zµ to J
−1(ν) is tangent to J−1(ν) and that Zµ|J−1(ν) is πν -projectable on Zµν .
Moreover, using (4.5) and (5.18), we have that h restricts to a Gν-invariant map
h : (JV )−1(ν) → J−1(ν). Therefore, h induces a smooth map hν : Vν → Aν
characterized by
(5.22) hν ◦ π
V
ν = πν ◦ h.
The function hν is a section of µν , so hν is a Hamiltonian section of the symplec-
tic principal R-bundle µν : Aν → Vν and (Aν , µν ,Ων , hν) is a non-autonomous
Hamiltonian system.
A direct computation, using (4.7), (4.8), (5.1) and (5.22), shows that the function
Fhν on Aν = J
−1(ν)/Gν is characterized by the following condition
(5.23) Fhν ◦ πν = Fh|J−1(ν).
Thus, Fhν may be obtained from Fh by passing to quotient.
Moreover, from Theorem 5.5, (Vν , (ων)hν , (ην)hν ) is a cosymplectic manifold
whose structure is given by
(5.24) (ων)hν = h
∗
νΩν , (ην)hν = −h
∗
ν(iZµνΩν).
Theorem 5.9. Let (A, µ,Ω, h) be a non-autonomous Hamiltonian system and φ :
G× A→ A be a canonical action of G on A such that the induced action on V is
free and proper. Suppose that J : A→ g∗ is an Ad∗-equivariant momentum map. If
h is G-equivariant, then, for any ν ∈ g∗, the cosymplectic structure ((ων)hν , (ην)hν )
on Vν induced by the reduced non-autonomous Hamiltonian system (Aν , µν ,Ων , hν)
is the one deduced from Albert’s reduction of the cosymplectic structure (ωh, ηh) on
V . In other words,
(5.25) (ων)hν = (ωh)ν , (ην)hν = (ηh)ν .
In particular, the dynamics Rhν of the reduced non-autonomous Hamiltonian sys-
tem is just the πVν -projection of the restriction to (J
V )−1(ν) of the dynamics Rh of
(A, µ,Ω, h). More precisely,
(5.26) Rhν (π
V
ν (v)) = Tvπ
V
ν (Rh(v)), for any v ∈ (J
V )−1(ν).
Proof. In order to show (5.25), we will prove that the 2-form (ων)hν and the 1-form
(ην)hν satisfy condition (5.21). In fact, if v ∈ (J
V )−1(ν) andX,Y ∈ Tv((J
V )−1(ν)),
then, using (5.22) and (5.24), we have that(
(πVν )
∗(ων)hν
)
(v)(X,Y ) = (ων)hν (π
V
ν (v))(Tvπ
V
ν (X), Tvπ
V
ν (Y ))
= Ων(πν(h(v)))
(
Th(v)πν(Tvh(X)), Th(v)πν(Tvh(Y ))
)
= (i∗νΩ)(h(v)) (Tvh(X), Tvh(Y )) = (i
∗
νωh)(v)(X,Y ).
Thus, (πVν )
∗(ων)hν = i
∗
νωh. Moreover, using again (5.22) and (5.24), we deduce
that (
(πVν )
∗(ην)hν
)
(v)(X) = −
(
h∗ν(iZµνων)
)
(πVν (v))
(
Tvπ
V
ν (X)
)
= −
(
iZµνΩν
)
(πν(h(v)))
(
Th(v)πν(Tvh(X))
)
= −
(
i∗ν(iZµω)
)
(h(v))(Tvh(X)) = (i
∗
νηh)(v)(X).
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Therefore, (πVν )
∗(ην)hν = i
∗
νηh. 
Note that another way to obtain (5.26) is to use (5.23). In fact, since HFh
(respectively, HFhµ ) is µ-projectable (respectively, µν-projectable) on Rh (respec-
tively, Rhν ), using (A.2), we have that
Rhν (π
V
ν (v)) = Tpiν(a)µν(HFhµ (πν(a))) = Tpiν(a)µν (Taπν(HFh (a)))
= Tµ(a)π
V
ν (Taµ(HFh(a))) = Tµ(a)π
V
ν (Rh(v)),
for any v = µ(a) ∈ (JV )−1(ν).
Example 5.10 (The bidimensional time-dependent damped harmonic oscillator).
Using the same notation as in Example 4.8, we have that the extended Hamiltonian
function Fh : T
∗(S1 × R+)× R2 → R is given by
Fh(θ, r, pθ, pr, t, p) =
eσ(t)
2
(p2r +
1
r2
p2θ) + F (t)r
2 + p.
Since Fh is T
∗φ-invariant, we may reduce the non-autonomous Hamiltonian system
(T ∗(S1 × R+) × R2, µpi,Ω, h) at ν ∈ R. The reduced homogeneous Hamiltonian
system Fhν : T
∗(R+ × R)→ R is given by
Fhν ((r, t), (pr , p)) =
eσ(t)
2
(
p2r +
ν2
r2
)
+ F (t)r2 + p.
Finally, the reduced dynamics is described by the cosymplectic structure ((ωh)ν , (ηh)ν)
and the vector field Rhν on T
∗
R
+ × R
ωhν = dr ∧ dpr +
(
2F (t)r − eσ(t)
ν2
r3
)
dr ∧ dt+ eσ(t)prdpr ∧ dt, ηhν = dt,
Rhν =
∂
∂t
+ eσ(t)pr
∂
∂r
+
(
eσ(t)
ν2
r3
− 2F (t)r
)
∂
∂pr
.
Example 5.11 (The time-dependent heavy top). Using the same notation as in
Example 4.9, we have that the extended Hamiltonian homogeneous function Fh :
(SO(3)× R)× (R3 × R)→ R associated with this system is
Fh((A, t),Π, p) =
1
2
〈I−1Π,Π〉+ 〈A−1e3, γ(t)〉+ p.
When one applies the reduction process at the level ν = 0, we obtain the reduced
Hamiltonian homogenous function Fh0 : T
∗S2×R2 → R which is the restriction to
T ∗S2 × R2 of F˜h0 : R
3 × R3 × R2 → R
F˜h0((q, pq, t, p)) =
1
2
〈I−1(pq × q), (pq × q)〉 + 〈q, γ(t)〉+ p.
In fact, the equations defining to T ∗S2 as a submanifold of T ∗R3 ∼= R3 ×R3 are
‖q‖2 − 1 = 0 and q · pq = 0. So, any extension of Fh0 has the form
F¯h0(q, pq, t, p) = F˜h0(q, pq, t, p) + λ(q · pq) + µ(‖q‖
2 − 1),
where λ and µ are the Lagrange multipliers which we must determine. Then, the
Hamilton equations for this Hamiltonian function with initial condition on T ∗S2×R
are 

q˙ = q × I−1(pq × q) + λq
p˙q = pq × I
−1(pq × q)− γ(t)− λpq − 2µq
t˙ = 1
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with (q, pq) ∈ T
∗S2. Since q · q˙ = 0 and pq · q˙ + p˙q · q = 0, then

q˙ = q × I−1(pq × q)
p˙q = pq × I
−1(pq × q)− γ(t) + 〈q, γ(t)〉q
t˙ = 1
The solutions of these equations are just the integral curves of the Reeb vector field
associated with the cosymplectic manifold T ∗S2×R equipped with the cosymplectic
structure (ΩS2 +dH0 ∧ dt, dt) on T
∗S2 ×R, where H0 : T
∗S2 ×R→ R is given by
H0(q, pq, t) =
1
2
〈I−1(pq × q), pq × q〉+ 〈q, γ(t)〉.
Note that if I = Id and γ(t) = 0 then the corresponding reduced Hamilton
equations are
q˙ = pq, p˙q = −‖q˙‖
2q, t˙ = 1
or equivalently q¨ = −‖q˙‖2q and t˙ = 1. Therefore, the geodesics of the standard
metric of S2 × R are just the solutions of the previous equations.
6. Another Example: the frame-independent formulation of the
analytical mechanics in a Newtonian space-time
The Newtonian space-time is a system (E, τ, g) where E is an affine space mod-
elled over the n-dimensional vector space V , τ is a non-zero element of V ∗ and
g : V0 → V
∗
0 is a scalar product on V0 = ker τ . Let V1 be the affine subspace of
V defined by the equation τ(v) = 1. An element of V1 may be interpreted as the
family of inertial observers that move in the space-time with the constant velocity u
(see [13]). We will denote by i : V0 → V inclusion and by g
′ = i ◦ g−1 ◦ i∗ : V ∗ → V
the contravariant tensor on V defined by g.
If u is a fixed inertial frame, the homogeneous Hamiltonian function on T ∗E ≃
E × V ∗ is given by
Hu(x, α) = α(u) +
1
2m
α(g′(α)) + ϕ(x), for any x ∈ E, α ∈ V ∗,
where ϕ : E → R is the potential. The aim of this section is to describe a frame-
independent formulation of the dynamics and describe how a reduction procedure
may be applied in the symplectic principal R-bundle setting.
Consider the following equivalence relations on V1 × E × V
∗ and V1 × E × V
∗
0 ,
respectively
(u, x, α) ∼ (u′, x′, α′)⇔ x = x′ and α′ = α+mσ(u, u′)
(u, x, α¯) ∼0 (u
′, x′, α¯′)⇔ x = x′ and α¯′ = α¯+mg(u− u′),
for any (u, x, α), (u′, x′, α′) ∈ V1 × E × V
∗ and (u, x, α¯), (u′, x′, α¯′) ∈ V1 × E × V
∗
0 ,
where σ : V1 × V1 → V
∗ is the map defined by
σ(u, u′)(v) = g(u− u′)
(
v − τ(v)
u + u′
2
)
, v ∈ V.
Then, one may easily prove that the quotient space P = (V1 × E × V
∗)/ ∼ is an
affine bundle over E modelled over the vector bundle E × V ∗ → E. Moreover, if
u ∈ V1 is fixed, there exists a unique symplectic form Ω on P such that the map
Θu : T
∗E ∼= E × V ∗ → P given by Θu(x, γ) = [(u, x, γ)] is a symplectomorphism,
where E × V ∗ ≃ T ∗E is equipped with the canonical symplectic 2-form. If u′ ∈ V1
then, since Θ−1u ◦Θu′ : T
∗E → T ∗E is just the translation by the constant 1-form
σ(u′, u), Ω doesn’t depend on the choose of u. On the other hand, we may consider
the action ψ : R× P → P and the projection µ : P → P0 given by
ψ(s, [u, x, α]) = [u, x, α+ sτ ], µ[u, x, α] = [u, x, α|V0 ],
24 IGNAZIO LACIRASELLA, JUAN CARLOS MARRERO, AND EDITH PADRO´N
where P0 is the quotient space (V1 × E × V
∗
0 )/ ∼0. Then, µ : (P,Ω) → P0 is a
symplectic principal R-bundle and the principal action of R on P is just ψ.
Consider the following Hamiltonian section h : P0 → P
h[u, x, α¯] =
[
u, x, α¯ ◦ iu −
(
1
2m
α¯(g−1(α¯)) + ϕ(x)
)
τ
]
,
where iu : V → V0 is the projection v 7→ v − τ(v)u. Note that the correspond-
ing function Fh : P → R is just the homogeneous Hamiltonian function, that is
Fh[u, x, α] = Hu(x, α). Thus, (P, µ,Ω, h) is a non-autonomous Hamiltonian system
(Frame-independent dynamical system in a Newtonian space-time).
Now, we will introduce a symmetry in the system: let G a subgroup of the group
of the affine transformation of A. Suppose that for any fL ∈ G, where L : V → V
is the corresponding linear map, we have that
L∗τ = τ, L|V0 preserves g and ϕ ◦ fL = ϕ.
Moreover, we will suppose that g ⊂ Aff(E, V0). Then, we may consider the action
φ : G× P → P defined by
(fL, [u, x, α]) 7→ [Lu, fL(x), (L
−1)∗α].
A straightforward computation shows that φ is a canonical action on the symplectic
principal R-bundle µ. Finally, we will suppose that the induced action φP0 : G ×
P0 → P0 is free and proper. If not, one may restrict to a subset of E (supposed
open) and repeat the proofs. For any reference frame u ∈ V1, one may consider the
momentum map Ju : P → g
∗ defined by
Ju([w, x, α]) = (α−mσ(u,w)) (ξE(x)), for any [w, x, α] ∈ P and ξ ∈ g,
where ξE ∈ X(E) is the infinitesimal generator of the natural action of G on E and
we are identifying TxE ≃ V . Then, one obtain the following result
Theorem 6.1. Under the previous hypotheses, if ν ∈ g∗ and u ∈ V1 are fixed, a
reduced symplectic principal R-bundle µν : (Pν ,Ων)→ (P0)ν and a reduced Hamil-
tonian section hν : (P0)ν → Pν are given, where
Pν = J
−1
u (ν)/Gν , (P0)ν = (J
P0
u )
−1(ν)/Gν .
Here, JP0u : P0 → g
∗ is the momentum map for the Poisson action of G on
P0 = (V1 × E × V
∗
0 )/ ∼0 .
7. Conclusions and future work
A reduction process for a symplectic principal R-bundles has been described in
this paper. In particular, we discuss the case of the standard symplectic principal
R-bundle associated with a fibration over the real line. Finally, we consider the
reduction of a non-autonomous Hamiltonian section on a symplectic principal R-
bundle. In order to do this, we have obtained previously a cosymplectic structure
on the base space of the principal R-bundle.
Along the paper, we assume the regularity of the canonical action on the symplec-
tic principal R-bundle. Then, one may ask if a similar construction holds if we relax
this assumption in order to include other examples (see, for instance, Example 4.8).
We expect that well-known methods on singular reduction (see [3, 5, 25, 26, 27])
could be applied in the time-dependent setting. We remark that this reduction
process could be not functorial, in the sense that a more general object (as, for
instance, a suitable map between stratified spaces) could be needed.
Moreover, it would be interesting to develop the procedure of the reconstruc-
tion in the symplectic principal R-bundle framework. The aim is to obtain the
dynamics of a symmetric non-autonomous Hamiltonian system on a symplectic
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principal R-bundle from the reduced dynamics. Classical techniques on symplectic
reconstruction (see [22]) could be used.
On the other hand, suppose that a canonical action of a connected Lie group
G on a symplectic principal R-bundle is given and that G has a closed normal
subgroup H . A goal could be to realize the reduced principal R-bundle in a two
step procedure: first reducing by H and then by an appropriate Lie group which is
related with the quotient group G/H . It would be interesting to discuss this proce-
dure which is called reduction by stages (for reduction by stages in the symplectic
framework, see [21]).
Appendix A. Poisson reduction theorems
In this Appendix, we recall some well-known results about Poisson reduction in
presence of a momentum map (for more details, see [1, 2, 17, 18, 21, 23, 24, 26]).
Let φ : G × M → M be an action of a Lie group G on a Poisson manifold
(M, {·, ·}). The action φ is said to be a Poisson action if φg :M →M is a Poisson
map for any g ∈ G. In such a case, a smooth map J :M → g∗ from M to the dual
space g∗ of the Lie algebra g of G is said to be a momentum map if the infinitesimal
generator ξM of the action associated with any ξ ∈ g is the Hamiltonian vector field
of the function Jξ : M → R defined by the natural pointwise pairing. Moreover, J
is said to be Ad∗-equivariant if it is equivariant with respect to the action φ and
to the coadjoint action Ad∗ : G× g∗ → g∗, i.e.
J(φg(x)) = Ad
∗
g−1(J(x)), for any x ∈M.
Note that, if φ : G ×M → M is a free and proper action and ν is an element
of g∗, then ν is a regular value of J (see for example [21], pag. 8-9). Therefore,
J−1(ν) is a closed submanifold of M . Moreover, if Gν denotes the isotropy group
of ν with respect to the coadjoint action, i.e.
Gν = {g ∈ G : Ad
∗
gν = ν},
then φ induces a free and proper action
φ : Gν × J
−1(ν)→ J−1(ν)
of Gν on the submanifold J
−1(ν).
In addition, we have the following result
Theorem A.1 (Poisson reduction Theorem, [23]). Let φ : G ×M → M be a
free and proper Poisson action of a Lie group G on a Poisson manifold (M, {·, ·}).
If J : M → g∗ is an Ad∗-equivariant momentum map associated with φ and ν ∈ g∗,
then the reduced space Mν = J
−1(ν)/Gν is a Poisson manifold with Poisson bracket
{·, ·}ν characterized by
(A.1) {ρν , τν}ν (πν(x)) = {ρ, τ} (x), for any ρν , τν ∈ C
∞(Mν),
where πν : J
−1(ν) → Mν is the canonical projection and ρ, τ ∈ C
∞(M) are arbi-
trary G-invariant extensions of ρν ◦ πν and τν ◦ πν , respectively.
Note that, if ρ is a G-invariant function on M and ρν is the function onMν such
that ρν ◦ πν = ρ|J−1(ν), then the restriction to J
−1(ν) of Hρ is tangent to J
−1(ν)
and
(A.2) Txπν(Hρ(x)) = Hρν (πν(x)), for all x ∈ J
−1(ν).
The symplectic version of the Poisson reduction Theorem is the well-known
Marsden-Weinstein reduction theorem. In this case, we will assume that the Poisson
action is symplectic.
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Let φ : G ×M → M be an action of a Lie group G on a symplectic manifold
(M,Ω). The action φ is said to be symplectic if φg : M → M is a symplectic map
for any g ∈ G.
Theorem A.2 (Marsden-Weinstein reduction Theorem, [24]). Let φ : G ×
M → M be a free and proper symplectic action of a Lie group G on a symplectic
manifold (M,Ω). If J : M → g∗ is an Ad∗-equivariant momentum map associated
with φ and ν ∈ g∗, then Mν = J
−1(ν)/Gν is a symplectic manifold with symplectic
2-form Ων characterized by
π∗νΩν = i
∗
νΩ,
where πν : J
−1(ν) → Mν is the canonical projection and iν : J
−1(ν) →֒ M is the
canonical inclusion.
In fact, the Poisson structure associated with Ων is just the reduced Poisson
structure obtained by Theorem A.1 (see [23]).
Other interesting examples of Poisson manifolds are the cosymplectic manifolds.
For this type of structures, Albert ([2]) obtained a cosymplectic reduction Theorem.
We recall that a cosymplectic structure on a manifoldM2n+1 of odd dimension 2n+1
is a couple (ω, η), where ω is a closed 2-form on M and η is a closed 1-form on M
such that η∧ωn is a volume form. If (ω, η) is a cosymplectic structure on a manifold
M then there exists a unique vector field R on M , the Reeb vector field, satisfying
the conditions iRω = 0 and iRη = 1. On the other hand, the Hamiltonian vector
field Hτ associated with a function τ :M → R is characterized by
(A.3) iHτω = dτ −R(τ)η, η(Hτ ) = 0.
An action φ : G×M →M of a Lie group G on a cosymplectic manifold (M,ω, η)
is said to be cosymplectic if φg : M →M preserves the cosymplectic structure, for
any g ∈ G.
Theorem A.3 (Cosymplectic reduction Theorem, [2]). Let φ : G ×M →
M be a free, proper and cosymplectic action of a Lie group G on a cosymplectic
manifold (M,ω, η). Suppose that J : M → g∗ is an Ad∗-equivariant momentum
map associated with φ such that
R(Jξ) = 0 for any ξ ∈ g, where R is the Reeb vector field of M .
Then, for any ν ∈ g∗, Mν = J
−1(ν)/Gν is a cosymplectic manifold with cosym-
plectic structure (ων , ην) characterized by
(A.4) π∗νων = i
∗
νω, π
∗
νην = i
∗
νη,
where πν : J
−1(ν) → Mν is the canonical projection and iν : J
−1(ν) →֒ M is the
canonical inclusion.
Moreover, the restriction R|J−1(ν) of R is tangent to J
−1(ν) and πν-projectable
on the Reeb vector field Rν of Mν .
Using (A.3) it’s easy to show that, if ρ is a G-invariant function on M and ρν is
the function on Mν such that ρν ◦ πν = ρ|J−1(ν), then the restriction to J
−1(ν) of
Hρ is tangent to J
−1(ν) and
(A.5) Txπν(Hρ(x)) = Hρν (πν(x)), for all x ∈ J
−1(ν).
This relation is formally the same of (A.2). This fact suggests that the Poisson
bracket induced by the reduced cosymplectic structure is just the reduced Poisson
bracket. In fact, as in the symplectic case, we have the following result
Proposition A.4. Under the same hypotheses as in Theorem A.3, the Poisson
bracket associated with (ων , ην) is just the reduced Poisson bracket {·, ·}ν deduced
from Theorem A.1.
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Proof. Denote by {·, ·}ν (resp. {·, ·}
′
ν) the Poisson bracket on Mν obtained from
Theorem A.1 by reducing the Poisson bracket {·, ·} on M (resp. induced by the re-
duced cosymplectic structure (ων , ην)). Let ρν , τν ∈ C
∞(Mν) and ρ, τ be arbitrary
G-invariant extensions of ρν ◦ πν , τν ◦ πν respectively. Then, for any x ∈ J
−1(ν),
using (A.1) and (A.5) we have that
{ρν , τν}ν (πν(x)) = {ρ, τ} (x) = Hτ (x)(ρ) = Hτν (πν(x))(ρν ) = {ρν , τν}
′
ν (πν(x)).
Since πν is surjective, {·, ·}ν = {·, ·}
′
ν . 
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